In this paper we show local well-posedness for a generalized CamassaHolm equation of fifth-order.
Introduction
The Camassa-Holm (CH) equation
x ∂ t u + 3u∂ x u = 2∂ x u∂ 2 x u + u∂ 3 x u, x ∈ R, t ≥ 0, was derived in [2] as a model for dispersive shallow water waves. Here u denotes the fluid velocity in the x direction or, equivalently, the height of the water's free surface above a flat bottom. A. M. Montes in the work [6] established the existence of solitons (travelling wave solutions of finite energy) in the Sobolev space H 2 (R) for the following fifth-order p-generalized Camassa-Holm equation
= 0, when α 1 , α 2 > 0 and γ ∈ R. In the mentioned work the autor showed that u(x, t) = v(x − ct) is a travelling wave solution for the previous equation if and only if u(x, y, t) = v(x−ct) is a travelling wave solution for the two-dimensional hyperelastic wave equation
when α 1 = 1, α 2 = α and p = 1. Studies for the hyperelastic equation can be see in [4] and [5] .
In this paper we study the local Cauchy problem associated with a generalized fifth-order Camassa-Holm equation of the form
when α i > 0, i = 1, 2, β j ∈ R, j = 0, 1, 2, and γ ∈ R. It is easy to see hat the previous equation can be rewritte as
where M is the linear operator defined by
with α 0 = 1 and F corresponds to the nonlinear part
where
The linear operator A −1 k is defined through the Fourier transform in the space variable by
where the Fourier transform of a function w defined on R is given by
In particular, in this work we address the well-posedness of the Cauchy problem associated to the equation (1) with the initial condition
The notion of well-posedness to be used here is in the sense of Kato: If S(t)u 0 is the solution at t of the linear problem associated with (1),
then, from Duhamel's principle, the problem (1)- (2) can be formulated by means of the equivalent integral equation In this work we show that the Cauchy problem (1)- (2) is locally well-posed in the space H s (R) with s ≥ 2, where the Sobolev space H s (R) is defined as the completion of the Schwartz space S(R) with respect to the norm given by
We will see as usual that local well-posedness for the Cauchy problem follows by the Banach fixed point Theorem and appropriate linear and nonlinear estimates using as key ingredient a bilinear estimative obtained in the work [1] by J. L. Bona and N. Tzvetkov, used successfully in the Benjamin-Bona-Mahony equation.
The Cauchy Problem
The main objective in this work is to show that the Cauchy problem for the equation (1) with the initial condition (2) is locally well-posed in the space H s (R) with s ≥ 2. Therefore α j > 0, β j ∈ R, j = 0, 1, 2 and K denotes a generic constant whose value may change from instance to instance. Lemma 2.1. M (t) is a bounded linear operator from H s (R) into H s−1 (R).
Proof. For u ∈ H s (R) we have that
A −1 B(∂ x u) 2 H s−1 = R ξ 2 2 j=0 β 0 ξ 2j 2 (1 + ξ 2 ) s−1 2 j=0 α 0 ξ 2j 2 | u(ξ)| 2 dξ ≤ C R 1 + ξ 2 s | u(ξ)| 2 dξ = C u 2 H s .
From this fact we conclude that there exists
In order to consider the Cauchy problem, we need to describe the semigroup S(t) associated with the linear problem (3). A simple calculation shows that Lemma 2.2. The unique solution of the linear problem (3) is given by u(t) = S(t)(u 0 ), where S(t) is defined as
and the function ϕ : R −→ R is given by
.
It is easy to show the following results on S(t).
Lemma 2.3. Suppose s ∈ R. Then for all t ∈ R, S(t) is a bounded linear operator from H s (R) into H s (R). Moreover, there exists
Next, we want to perform the estimates for nonlinear terms of the equation (1) (see Lemma 2.5), which will follow by an estimate obtained in the work [1] by J. L. Bona and N. Tzvetkov. Lemma 2.4. (Lemma 1 in [1] ) Let s ≥ 0. Then there exists a constant K > 0 such that
We now will establish the nonlinear estimates.
Lemma 2.5. Suppose s ≥ 2, then there are constants K 2 , K 3 > 0 such that
Proof. We suppose s ≥ 2. Using the definition of H s (R) we obtain that
Then, using the Lemma 2.4 and that H s (R) is an algebra for s > 1 2 , we have that
Similarly, we see that
and also that
Proof. Given T > 0 we define the space X s (T ) = C ([0, T ], H s (R)), equipped with the norm defined by
It is easy to see that X s (T ) is a Banach space. Let B R (T ) be the closed ball of radius R centered at the origin in X s (T ), i.e.
For fixed u 0 ∈ H s (R), we define the map
where u ∈ X s (T ). We will show that the correspondence u(t) → Ψ(u(t)) maps B R (T ) into itself and is a contraction if R and T are well chosen. In fact, if t ∈ [0, T ] and u ∈ B R (T ), then using Lemma 2.3 and statement (1) of Lemma 2.5 we have that
Choosing R = 2K 1 u 0 H s and T > 0 such that
we obtain that
So that Ψ maps B R (T ) to itself. Let us prove that Ψ is a contraction. If u, v ∈ B R (T ), then by the definition of Ψ we have that
Then using the statement (2) of Lemma 2.5 we see that for t ∈ [0, T ],
We choose T enough small so that (5) holds and
So, we conclude that
Therefore Ψ is a contraction. Thus, there exists a unique fixed point of Ψ in B R (T ), which is a solution of the integral equation (4) .
The uniqueness of the solution and the local Lipschitz continuity are obtained by standard arguments.
